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INTEGRATION BY ELLIPTIC INTEGRALS. 



By GEOEGE B. McCLELLAN ZEEE, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 

Chester, Pa. 



We will first expand the general expression 

(1+0 2 — 2ecosep)-U 2m + 1 \ 
Let 2cos<p—s+s- 1 . .-. (1+e 2 — 2ecos^j-i< 2m + 1 )=(l+e 2 — ««-««-i)-«2»»+i) 

=(l_„)-K«» + i)(l_ < r-ir»»-+«=(l +-^tL.e« + (2w+ 2 V ( 2 2 ," l+3) .^^ 

, (2> B+l)(2w+ 3 )(2m+5) , „ , (2w+l)(2m+8)(2ro+5) (2w+7) \ 

1 2 3 .3l " e S i 2T4! -e s + J 

(l I 2m + 1 , 8 -i I (2n»+l)(2.»»+8) (2,»+l)(2 W +3)(2m+5) , 

, (2w+l)(2i»+3)(2ro+5) (2m+7) ^_ fi ,( 2m + l \ 2 

"*" 2M! ,e S + y — L 1 H "V 2 -V 

/ 2m+ l 2m+3 e 8 \ 8 / 2w+l 2ro+3 2m+5 e s \ a ~| 

+ V 2 " 2 , 2!/ + \ 2 " 2 ■■' 2 , 3!/ + ""J 

f 2m+l / 2m+l y 2m+3 e 3 . / 2m+l 2to+3 V s 2j»+5 e 5 
+ J L— 2 " e+ V— 2; ;• 2 -TT+V"^ ■— 2 ;•■— 2 -27731 

1 rs+s" 1 "! , gf 2m+l 2m+3 e 8 / 2w+l N 2 2w+3 2ro+5 e* 
"•".■■ •JL 2 J + L 2 ' 2 "2! + V 2 /• 2 ' 2 - 3! 

/ 2w+l 2»i+3 \ 2 2m+5 2»>i+7 e* ire'+e-n, , . 

+ V 2 ' • — 2 A 2 ■~~ 2 •2T7TT+ ■ ■ • • JL. 2~~ J + • * • • U)> 

.-. (l+e s -2ecos<p)-*< 2 ™+ 1 >=iP +/ , ] cos^+P 2 cos29>+P 3 eos3?)+. . . . 

-\-P,fiosnq>. 

When m=?0, 1, 2, 3, etc., we get 

{\-\-e i —2eco&q))-b=lA (j -\-Ai<iosq>-\-A i cos'2<p-\-A !t coa%q)-\- (B). 

(l+e t —2eco8<p)-^=iB +B 1 coatp+BgC082tp+B 3 cosS<p+ (0). 
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(1-H 8 — 2eco8<p)-i=lC +C 1 coB<p+C i coB2<p+C a co&S<p+ (D). 

(l+e'—2ecoa<p)-i=iD l >+D t cos<p+D fi coa2(p+D i CQ83lp+. (E)> 

Let sin(0— <p)—esmO, then tan0=8in#/(cos9>— e). 

.-. cos(0— q>) i\ — ■—j—ecoaf). 

dcp cos(0— q>)—ecosO sinflsimp+cos^cosp— e) 

' '~W~ cos(fl-?>) ~ i/(l— e»sin*0) " 

d<p (cos'^cosec^-f-sin^sin^ sin^cosec^ 

•'■~W~ v (l-e 2 sin 8 #) ~ 1 /(l-e*sin*«') 

Ucoa<p—e)"+a\a' i q>_ I 1-fg' — 2ecosy> f1 

~"\ l-e 8 sin 2 & ^>| l-e 2 sin 2 *• o) * 

A]so 1 /(l+« s -2eeos9»)=/(l-e 2 sin s /?)-eco8^. 

.-. cos<p=esin 8 0+co8fV(l-e 2 sin 8 0) .(2 ). 

cos2^=4e a sin 4 «9+4esin !! (9coH6' l /( 1 -« Ssin26, )+ 1 - 2 ( 1 + e8 ) 8inS6 ' ( 3 o)- 

cos3^=4e 8 cos 8 6'+12e 8 8in*6'co86' 1 /( 1 - e2sinS ^)+ 12esin8 ' 5 ' cos8(9 ( 1 — « s sin 8 0) 

+4cos 8 0(l-e 8 sin 2 0)S - 3e8in 8 -0-3co80,/( 1 -« 88in2 0) ( 4 o)- 

cos4^=l~8e 2 8in 4 6i-16«sin 2 6'cos(? l /(l-« 2 sin 2 6')-8cos 8 ^(l-e 8 sin 8 ^) 

+8e*sin 8 6'+32e 3 8in 6 (5'cos(!',/( 1 -« 8sin86 ')+ 48 « Ssin4cos86 '( 1 - e!!8in26 ') 
+8co8*0(l-e 8 sin 8 0) 2 +32esin 2 0cos s 0(l-e 8 sin 2 0)J (5 ). 

cos59>=I6e 5 sin 1 »/!'+80«*sin 8 co8V( l - e88in86 ')+ l60 « 8sin6/9cos8# ( 1 — e*sin 2 0) 
+16Oe 8 sin*cos 3 0(l-e 2 sin 2 0)* + 8Oesin 2 0cos 4 0(l-e i! sin 2 0) 2 
+16cos 6 0(lr-e 2 sin 8 0)S — 2Oe 3 sin l >0-6Oe 2 sin 4 0cos0 1 /( 1 — e 2 sin 2 0) 
^6Osin 8 0cos 8 0(l-e 3 sin 8 0)-2Ocos 3 0(l-s 2 sin 2 0)a 
+5esin 2 0+5cos0|/(l-e 8 sin 8 0) ( 6 o)> 
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co869>=32e 6 sin 18 <'+l92e 5 8in l0 (?cos»i/(l-e 2 sin 8 <')4-480e 4 sin 8 (?cos 2 <'(l— e s sin*0) 

+64Oe 3 sin 6 0cos 3 0(l — e*sin*0)« + 48Oe 2 sin*0cos 4 0(l— e 2 sin 2 0) 2 
+ 192esin 2 0cos 6 0(l — e 2 sin 2 0)« + 32cos 8 0(l — e s sin 2 0) 3 — 48e 4 sin 8 
-]92e s sin 6 0cos0,/(l-e 2 sin 2 0)-288e 2 sin 4 6to>s 2 0(l-e 2 sin 2 0) 
-192esin 2 6»cos 3 6'(l-e 2 sin 2 6')l - 48cos 4 fl(l-e l! sm 2 0) 2 + 18e 2 sin*6' ' 

+ 18cos 2 #(l-e 2 sin 2 (9)+36esin 2 /9cos6,/(l-e 2 sin s 6')-l (7 ). 

Writing (JS) in the following form : 

(l+e 2 -es-es- 1 )-^=U +U 1 (s+s)- 1 )+ +iA n (s n +s"- 1 ) + .(8 ). 

Differentiating (8 ) we get, 

e{l-s- 2 )(l+e 3 -es-es- l )--*=A 1 (l-s-*)+2A 2 (s-s- s ) 

+3^ 3 (s 2 -s-*)+ +nA n (s»-i-s- ■■(»+.»))+. . . .(9 ). 

From (8 ) and (9„) we get, 

Je(l-s- 2 )[^ +^ 1 (s+s- 1 )+J 2 (s 2 + S - 2 )+ + A H (s n +s- n )+. . ., . .] 

=(l + e 2 -es-€«- 1 )[^ ] (l-s- 2 )+2^ 2 (s-s- 3 )+3^ 3 (s 2 -s- 4 j 

+ +n<4„(s"- 1 -s-<»+ 1 >)+ ]. 

Equating coefficients of s" we get, 

ie(A n —A n+i )=(n+l)(l+e*)A n+1 -e[nA„+(n+2)A n+2 ]. 

_2(n+l) l+€ 2 2n+l 
• ' ^"+ 2 -^+3~-"^"^ n+1 ~ "^+3"^' (10 » ) - 



.•. When A n and ^4 n+ i are known we can easily find A n+i . 
Multiplying (#) by cos<p we get, 



(l+gt-frooB?)* r = u oCosy+U 1 (l-fco82y) + U a (cosy+cos3y)+....(ll ). 
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/£" do 
=F(e, jit) (1). 

f |/l-e 8 sin s 0dd=E{e, ix) (2). 

Integrating both sides of {B) and (11 ) between the limits In and 0, we 
get with the aid of (1 ), (2„), (1); (2), the following : 

nA o = /i , 2 T sr= 4 — =4F(e, itf). 

.-. A =(4/7t)F(e, in) (]2 ). 



■JtA^ = I — 5—^— —=4e| — + I cosfldfl 

^ o (l + e s — 2ecos<p)s J j/l — ^sin^ ^o 

4 r ri" dti fs" — "1 4 

= —\ I —= - - t/\-#wdMM =— [F(e, in)-E{e, J*)l. 

« LJ o j/l-e^sin'tf ^ o ^ J « L ; ' ' J 



.'. A,={A/7te)[F(e, }x)-E(e, *«•)]. 

[To be Continued . | 



AN ELEMENTARY EXPOSITION OF GRASSMANN'S "AUSDEH- 
NUNGSLEHRE," OR THEORY OF EXTENSION." 



By JOS. V. COLLIHS, Ph. D., Stevens Point, Wis. 



I Continued from October Number.] 

CHAPTER III. 

MULTIPLICATION OF EXTENSIVE QUANTITIES. DIFFERENT KINDS OF MULTIPLICATION. 

22. In the multiplication of extensive quantities expressed in terms of 
units, it is assumed that the distributive law holds, and that numerical coeffi- 
cients may be treated as in elementary algebra (16). 



